The torsion of the local flow around closed orbits and its relation to the superstructure in the bifurcation set o f strictly dissipative nonlinear oscillators is investigated. The torsion num ber describing the twisting behaviour o f the flow turns out to be a suitable invariant for the classifi cation of local bifurcations and resonances in those systems. Furtherm ore, the notions o f winding num ber and resonance are generalized to arbitrary one-dimensional dissipative oscillators.
I. Introduction
Recently we described the superstructure in the bifurcation set o f the D uffing equation x + da: + x -(-x 3 = a cos (co 0 ( 1) and its relation to nonlinear resonances [1] . To give an intuitive understanding o f these resonances and a m otivation for our classification of the resonance horns in the phase diagram s, the Fourier spectra of periodic orbits were considered. A resonance horn occurs whenever a harm onic of the oscillation coincides with a certain eigenfrequency of the oscillator. The resonances are connected with defor mations of the orbits, that can be described by a winding num ber given by the num ber of rotations of the tangent vector along the closed orbit*. Although being phenomenological, our concepts of eigenfrequencies and winding numbers enable a very fruitful discussion o f the dynamical behaviour of nonlinear oscillators [1 -4 ] . On the other hand the (orbit dependent!) eigenfrequency is not yet well defined for nonlinear systems and the winding numbers defined above are no topological invariants. Furtherm ore, with this heuristical interpretation of "resonance" it is not possible to explain the qualita tive differences between odd and even resonances of symmetric and asym m etric oscillators (see Sec tion IV).
Reprint requests to Prof. Dr. W. Lauterbom , Drittes Physikalisches Institut, U niversität Göttingen, D-3400 Göttingen. * This winding num ber is different from the winding num ber (or rotation num ber) usually defined in the con text of phase locking oscillations (see Section VI).
These problems may be overcome by considering the nonlinear resonances in dissipative systems from a geometrical point of view, i.e. by investigating the twisting of the local flow around closed orbits. A quantity to described this property of the flow is the torsion num ber [5 -1 1 ] that will be defined in Section II. Section III contains a brief discussion of the torsion num ber of the driven harm onic oscilla tor. It turned out that this analysis may help in understanding some features of the superstructure of nonlinear oscillators as discussed in Section IV.
Furtherm ore, the winding num ber in the classifi cation scheme of resonances proposed in [1] is sub stituted by the torsion number. It is shown that this leads to a description with the desired invariance properties (Section V). Based on the concept of torsion numbers we define a new winding num ber for driven dissipative non-linear oscillators that does not require the existence of an invariant torus in phase space. This winding num ber enables an exact definition of "resonance" for those systems (Section VI).
II. Torsion Numbers
For a given periodic orbit nearby starting trajec tories are more or less twisted around it [5] [6] [7] [8] [9] [10] [11] . Figure 1 shows typical situations. This twisting behaviour determines which bifurcations are pos sible. A torsion by 2n, for example, excludes period doubling because the eigenvalues of the lineariza tion of the Poincare m ap are positive. The torsion num ber of a periodic orbit is a quantity that counts the (average) num ber of twists of nearby trajectories around the closed orbit. We shall make these ideas more precise now and give a definition for the torsion num ber o f periodic orbits. In the following we will consider systems of the type
where h (t + T) = h (t).
Such systems generate a flow < £> = {<£'} on the phase space IR2 x 5 '1. Equation (2, right) can be written in a concise form as jc= V(x), where V is the vector field. The Poincare map P = &T\z is defined on the cross section
Let y be a period-ra orbit through x* = (*, f, x 2{, x 3{= c) e IR2 x S' described by a solution .v(/) of (2 , left) and let xf = (x \f, x2f) e IR2 be a fixed point o f P m associat ed with the period-m orbit y we want to investigate. The evolution of a nearby trajectory starting at ;c0 = jtf + j 0 is given by the derivative DV o f the vector field V:
or for small perturbations -* 0 ):
Since the third com ponent of (3) has a trivial solution V3 = const, (3) may be reduced to a twodimensional system of differential equations. If jc0 is restricted to I = {x e IR2 x S 1: .v3 = 0} (i.e., _y0 = 320» 0 )) this reduced variational equation is given by
Any solution u(t) = (w, (/), u2(t)) of (4, right) describes a spiral-like curve in the phase space (compare Figure 1 c) . The num ber of torsions can be counted by: period Tm = m T = m ----of the oscillation:
The torsion num ber n of a period-w -orbit is therefore defined by Our torsion num ber is measured in units of 2 n, while giving the formula (6 ) for the torsion num ber N k of a period doubling orbit just before the k-th bifurcation Beiersdorfer [10] counts rotations of the invariant manifolds by n. Thus according to our definition N k must be replaced by nk = N k/2 in
(jY0 is the num ber of torsions of the first attractor in the cascade, see [10] ).
In the following the torsion num ber n and the period m will be used to label the resonances R n m of nonlinear oscillators. In Sect. V we come back to the problem of classification of resonances and bifurcations and give arguments in favour of this procedure.
A relation exists between the torsion of the local flow and the Lyapunov spectrum. Instead of a single trajectory in the neighbourhood of the closed orbit y a small volume following the orbit may be con sidered. The deform ation of this volume (indepen dent o f its orientation!) is given by the Lyapunov characteristic exponents (see e.g. [12] ). The volume, however, also rotates around the orbit y during its flight along y. As shown below the average rota tional frequency about the tangent vector is given by Q (y). To elucidate this connection between the torsion and the Lyapunov spectrum a further derivation of (5) 
We are interested in the rotations o f the volume about the (tim edependent) axis given by the tangent vector of the trajectory. The num ber of these rotations equals the num ber of rotations of the projection of the volume onto the y x ->>2-plane (see Figure 1 ). Therefore we can simplify the discussion by considering only the first two coordinates of the linearized flow m ap D<P', i.e. by considering the 2 x 2-matrix A(t) = Z)<£r|R2 = Q(t) R(t) (compare Equation (4)). The m atrix R contains the informa tion o f the nontrivial values o f the Lyapunov spectrum [12] , whereas Q describes the rotation of the small volume. The (tim edependent) rotational velocity ä of the volume is given by
The components a(t) and c(t) of A (t) are the solutions m,(/) and u2(t) of the variational equation (4) with the initial values 1 ( 0 ) = 1 and w2(0) = 0.
Thus we obtain for A the integrand of (5) 
This simple example shows that some information about "resonance" is contained in the orthogonal part 0 ( 0
of the linearized flow map DG>' = Q(t)R(t).
In higher dimensional systems a small test-volume possesses more rotational degrees of freedom and thus a whole spectrum of eigen-or torsionfrequencies Q j(y) exists. These ideas will be discussed in detail elsewhere.
III. Torsion Numbers of the Harmonic Oscillator
As a First example we com pute the torsion num bers of the driven harm onic oscillator
All solutions of (7) converge asymptotically to the only periodic solution
Hence the Poincare m ap of this system has a single stable Fixed point jrf. The evolution of a pertur bation (initial value in the Poincare cross section located at x 3 = 0 = /: xp = xf + (>»0, j>0)) describ ing the behaviour o f a trajectory in the neighbour hood of the closed orbit is given by the variational equation
For d <2co0 the solution of (9) is The eigenvalues A| 2 of DP for d < 2co0 are given by dn Au = e " cos I 2 n -| ± / sin ( 2 n -
For real eigenvalues the real eigenvectors rotate an integer multiple of n around the closed orbit during one period of the excitation (see Figure 1) . The imaginary parts Im (/,) vanish for All / , are real, and the eigenspaces do not rotate around the closed orbit. The torsion num ber is always zero.
The frequency oo of the oscillations of the perturba tion is independent o f the excitation frequency oo and the excitation am plitude a. The rotation angle of the neighbour trajectory around the closed orbit depends only on the frequency relation Go/oo. If the angle is a m ultiple of n x p lies in an eigenspace of the derivative DP of the Poincare map P (compare Figure 1) . This can also be seen by the following analysis. From (10) an explicit expres sion for the Poincare m ap P can be derived.
P: R 2 -* IR2
X P ( j c ) = X f + D P (X f) ( J t -JC f) ,
IV. Torsion Numbers of Nonlinear Oscillators
The twisting behaviour of the flow around closed orbits described above is strongly related to the resonances and the superstructure in the bifurcation set of nonlinear oscillators. To show this we discuss two examples, the asymmetric Toda oscillator and the symmetric Duffing equation (1) .
(a) Oscillators with Asymmetric Potentials
A very simple asymmetric oscillator, i.e. an oscillator with asymmetric potential, is the Toda oscillator (for more details see [4] ) 
and the eigenvalues of the derivative DP of the Poincare map P which is now calculated num erical ly (see [10] for details). For sufficiently small a, i.e. also small am plitudes of the oscillation x, we have nearly the same eigenvalues as in the linear case (11) . Figure 3 shows the eigenvalue evolution of the Toda oscillator corresponding to the bifurcation diagram in Figure 2 a. In contrast to the linear case there are small co-intervals where the eigenvalues become real. W ith increasing excitation am plitude a one of these two real eigenvalues tends to the critical values -I-1 or -1. Touching +1 leads to saddle node bifurcations and the leaning over of the period-1 resonances R n \. W henever a real eigenvalue reaches -1 a period doubling bifurcation takes place, creating a period-2 resonance R n 2. Thus the excitation of non linear resonances and the difference between period-1 and period-2 resonances can be explained Table 1 ). The coming bifurcations are announced in this plot. W here the curves touch +1 saddle node bifurcations occur. by the torsion of the flow which is determ ined by the linear limit case. Figure 4 shows the increase of the torsion num ber n for small co. The same results have recently been obtained for the model of bubble oscillations given in [2 ] .
Toda x + dx + ex -1 = acos(a>t)
C
(b) Oscillators with Symmetric Potentials
An example for a symmetric system is D uffing's equation (1) . The symmetry o f the vector field V ( V {x\, .v2, .v3) = -V(-X], -x 2, .v3 + y) implies the existence of a root -P of the Poincare map P = P)2, where P := <PT/2|r [13] . Figure 5a shows a typical bifurcation diagram of Duffing's equation for a medium excitation amplitude a. In contrast to the Toda oscillator symmetry bifurcations (i.e. saddle node bifurcations creating two asymmetric period-1-orbits) occur between the resonances R x X,R 3 \,R 5A... when the excitation amplitude a is increased [1] . The first symmetry breaking appears at the left hand side of R j j (while the first period doubling in Fig. 2b occurs at the right of R 11). Figures 5 b and 5 c show the evolution of the eigenvalues of the linearization DP and the torsion num ber in dependence on the control param eter co, respectively.
To understand the different behaviour of the symmetric and the asymmetric system we have to consider the Poincare map PT of the Toda oscillator and the root -PD of the Poincare m ap PD of the Duffing oscillator. As shown in Fig. 6 , the eigen values of PD evolve similar to those of the Toda oscillator ( Figure 3) . The different bifurcation scenarios may thus be explained by the different signs of the derivatives DPr and DPd and their eigenvalues. The connection is given in Table 1 where both oscillators are compared in terms of the Toda Poincare map PT and the negative root PD of the Duffing Poincare map PD. The abbreviations are pd for period doupling, sn for (ordinary) saddle node bifurcations and sb for symmetry breaking. 
V. Classification of Resonance Horns and Local Bifurcations
The torsion num ber will now be used for the classification of resonances and local bifurcations in strictly dissipative one-dimensional oscillators. We call an oscillator strictly dissipative (or passive) if the associated Poincare m ap P is area contracting everywhere on the cross section (i.e. V x e Z : det (DP (x)) < 1). Examples for such systems are the Toda and the Duffing oscillator (for both we have det (DP) = ex p { -2n d/co} < 1) and the bubble oscillator [2] . In these systems no H opf bifurcations can occur. The assumption of a complex eigenvalue /. = a + ib crossing the unit circle |A| = 1 leads to the contradiction 1= \ /.\2 = a2 + b2 = A . /.= det (DP) < 1. Thus the eigenvalues of the derivative DP of the Poincare m ap P must become real in the vicinity of param eter values where local bifurca tions take place. Positive real eigenvalues leading to saddle node bifurcations are associated with integer torsion numbers. Every period doubling bifurcation (/., = -1) may be viewed as a saddle node bifurca tion of the orbit with the double period. So in strictly dissipative systems an integer torsion num ber is uniquely related to every bifurcation point in the param eter space. Staying integers these numbers cannot change along bifurcation surfaces! Together with the period they are used to label the bifurca- Period doubling (pd) is again preceeded by symmetry breaking (sb). As in the case of the chaotic regime arising from the period-1 attractors, there is a gap in the chaotic band [1] . The dashed lines give the location of the unstable period-3 orbit being created at the boundary of the resonance horn (Fig. 7) by saddle node bifurcations. The torsion num ber of this unstable orbit is used to label the resonance horn R-, 3 of the phase diagram in Figure 7 . To avoid incompleteness as discussed in connection with Fig. 2 the different branches have been traced indepen dently.
tion curves in the phase diagrams. Figure 7 shows as an example the phase diagram of (coexisting, see [1] ) p erio d -3 -2/? attractors of D uffing's equation (1) . To illustrate the meaning of the different bifurcation curves a bifurcation diagram of period-3 -2 « attractors is given in Figure 8 . The resonance horns in Fig. 7 are labelled by the torsion num ber n and the period num ber m of the unstable period-3 orbits being created by saddle node bifurcations at the boundaries of the resonance horns (dashed curve in Figure 8 ). Analogous to the period-1 case illustrated in Table 1 (see Sect. IV) these (ordinary) saddle node bifurcations belong to odd torsion numbers. Saddle node bifurcations associated to odd torsion num bers being a multiple of three have not been found. For the dam ping value of d = 0.2 no symmetry bifurcations and period doublings occur inside the resonance horn in Figure 7 . It is easy to see that in strictly dissipative one dimensional oscillators the torsion number and the period of unstable periodic orbits remain invariant under param eter variation until the orbit becomes stable or vanishes by a saddle node bifurcation. The classification of the resonance horns given above is thus unique. Like the classification of the local bifurcations it allows the comparison of periodic orbits and their bifurcations in different parts of the param eter space.
VI. Resonances and Winding Numbers
Although resonance is an im portant feature of (driven) dissipative nonlinear oscillators there exists no exact mathem atical definition of "resonance" for those systems. A definition can be given for inte g r a t e Hamiltonian Systems and systems where the phase space consists of a torus [14] . In these cases the angle variables or torus frequencies are used to define resonance as rational frequency relation between them. These ideas may be carried over to dissipative oscillators using the eigenfrequency Ü (y) (5) of a given orbit y that was defined in Section II. We introduce the frequency ratio *'(y) = -[ £ ) (y) see (5)]
CO
and call it the winding number of the orbit y. This winding num ber is defined in the spirit of the rotation num ber*, but it depends on the orbit y whereas the rotation num ber is a property of the whole system. This feature of the winding num ber enables the description of systems with coexisting *
The rotation num ber is often called winding number, too. We suggest to use the term winding number only in connection with the linearization approach given in Sec tion II.
attractors. Furtherm ore, in contrast to the rota tion num ber our winding num ber is well defined even in those cases where no invariant torus in the phase space exists (e.g. Duffing, Toda, ...). In the spirit of the existing resonance conditions [14] we call an orbit y resonant when its winding num ber is rational. This definition is in good agreem ent with the classification of the resonance horns given in Section V.
VII. Winding Numbers of Strange Attractors
The above defined winding num ber is a quantity that is associated to a single orbit. It is an open question whether strange attractors possess well defined winding numbers, too. To investigate this problem we computed the winding num ber of orbits that belong to the strange attractors shown in Figure 8 . The numerical results are given in Figure 9 . According to (6 ) the period doubling cascade leads to steps in the winding num ber diagram. As vv con verges very badly for chaotic oscillations (the run for 
VIII. Conclusion
The torsion num ber originally introduced by Beiersdorfer [9, 10] , Uezu and Aizawa [6 , 7] to describe the universal change in the topology of the invariant manifolds of period doupling orbits can also be used to understand, describe and classify resonances and local bifurcations in strictly dissi pative oscillators. Thereby the concept of "th e" eigenfrequency of an oscillator being well defined for linear oscillators and free oscillations of non linear oscillators (where it becomes am plitude dependent) has been extended to the driven case. In this way the notion of "resonance" up to now only loosely defined can be made more precise. The inform ation about the torsion is contained in the orthogonal part of the (^-d eco m p o sitio n of the linearized flow m ap D^'. This result has been obtained for 3-dim systems on 1R2 x 5 '1, but a generalization of the ideas presented in this paper to higher dimensional systems should be possible.
The consideration of the torsion of the local flow around periodic orbits has improved our under standing of the qualitative differences between odd and even resonances of symmetric and asymmetric oscillators. This torsion is already present in the case of the harm onic oscillator. Therefore, we con jecture that all driven nonlinear oscillators (which, for small excitation amplitudes, behave like the dam ped linear oscillator) possess qualitatively similar bifurcation sets. Furtherm ore, detailed numerical investigations of the Duffing equation (1) lead to the further conjecture, that the Poincare maps of different resonance horns are equivalent for appropriate param eter values. The eigenfrequency Q (see (5) ) of a driven nonlinear oscillator depends on the actual orbit (as it does already in the case of free oscillations) and allows coexisting resonances of different orders to be described. An example of such resonances can be found in Fig. 2c , where R x { and /?3 2 are coexisting. The torsion num ber as given in (5 ) needs a periodic orbit as a reference orbit. Thus, the concept of torsion num ber in its present form does not extend to chaotic oscillations now realized to be a basic feature of driven dissipative oscillators. O f course, the flow is twisted also in cases of chaotic oscillations, and there have been attempts to describe the twisting behaviour of the flow in this case, too (see [6 ] ). We conjecture that the winding num ber vv as defined in Sect. VI (5) may be a suitable quantity also to characterize chaotic oscillations. It is straightforward to com pute and thus can easily be applied to any orbit in numerical work. Its usefulness is presently tested with different oscillators.
The definitions given in this paper are not yet fully explored in their power to describe nonlinear oscillators. However, a classification of resonances could be achieved, and there are indications that there may exist a universal ordering of resonances. Furtherm ore an investigation of global torsion properties of the flow may lead to a deeper under standing of the superstructure found in the bifurca tion set of dissipative nonlinear oscillators [1, 3, 4] , This work was supported by the Stiftung Volks wagenwerk. We thank the members of the nonlinear dynamics group at the Third Physical Institute, University of Göttingen, especially T. Kurz and K. Geist for many valuable discussions. All com putations have been carried out on a SPERRY 1100/82 and a VAX-11/780 of the Gesellschaft für W issenschaftliche Datenverarbeitung, Göttingen.
